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THE TRANSIENT  RESPONSE OF COUPLED  ACOUSTO-MECHANICAL SYSTEMS 
By A. Craggs 
SUMMARY 
The behaviour of a coupled plate-acoustic cavity system i s  s tudied 
using a computer orientated  technique. The work i s  d iv ided  in to  two 
par t s .   In   the  f irst  p a r t  some simplif'ying  assumptions  are made about 
the nature of the cavity pressure;  it is  assumed t o  be uniform and a 
function  of  the volume displacement  of  the  boundary. The p l a t e  system 
i s  represented by an assemblage of rectangular  f ini te  e lements  and the  
equations of motion are expressed in terms of displacements;  the effect  
of the cavity i s  simply to  in t roduce  an ex t r a  s t i f fhes s  ma t r ix  term. In 
the second part the simplifying assumptions are removed and both the 
p l a t e  and acoustic systems are idealised using finite elements - t h e  
acoustic system being formulated in terms of pressures. 
The r e s u l t s  show t h a t  where the  window i s  la rge  and f l e x i b l e ,  and 
the cavi ty  small, t h e  i n  vacuo normal modes  become coupled and there i s  
a change in  the natural  f requencies  of  the system, and consequently a 
considerable modification to the in vacuo  response. The a c o u s t i c  f i n i t e  
e lement  resul ts  show tha t  i n  the frequency range excited by sonic booms 
the acoustic responses of a room with one f l e x i b l e  window a r e  dominated 
by t h e  lower  plane-wave depth modes.  However, near  the window the  e f f ec t s  
of the non-propagating cut-off modes a r e  s i g n i f i c a n t .  
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displacement 
displacement response vector 
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ve loc i ty   po ten t i a l  
spa t ia l  coord ina tes  
in teger  mode suf f ices  
p l a t e  element dimensions 
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d depth of cavi ty  
frequency 
i t h   p l a t e  mode 
natural  frequency of t h e   i t h  mode 
a s p e c t  r a t i o  f o r  t h e  p l a t e  
cavity volume 
ra t io  of  acous t ic  to  mechanica l  s t i f fness  
Young's modulus 
p la te  th ickness  
Poisson ls r a t i o  
p l a t e  dens i ty  
density of air 
veloc i ty  of sound i n  air  
kinetic energy (expressed in terms of displacements) 
s t r a i n  energy 
work function 
kinetic energy (expressed i n  terms of f o r c e  l i k e  q u a n t i t i e s )  
s t r a i n  energy 
work function 
mass matrix 
s t i f fnes s  ma t r ix  
acoust ic  "mass l1 matrix 
acoust ic  "s t i f fness"  matr ix  
rectangular coupling matrix 
force vector 
Boolean  transformation  matrix.  Relates  element  coordinates 
t o  global system coordinates. 
Hermitian interpolation polynomials 
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PART 1 APPLICATION OF VOLUME DISPLACEMENT THEORY 
INTRODUCTION 
This  par t  of  the work is  concerned with the response of a coupled 
plate-acoustic system where the acoustic wavelength i s  la rge  i n  compari- 
son  with the dimensions  of  the  enclosure. The main objectives are: ( i )  
t o  extend the f i n i t e  element method t o  d e a l  w i t h  t h i s  s i t u a t i o n ;  (ii) t o  
observe the changes brought about i n  t h e  p l a t e  mode shapes and n a t u r a l  
frequencies by the presence of the cavity; (iii ) t o  observe the behaviour 
of the coupled systems when exci ted by an i d e a l  'N' wave. 
When the acoustic wavelength i s  la rge ,  the  excess  pressure  in  the  
cavity i s  uniform throughout and i s  d i r ec t ly  p ropor t iona l  t o  the  volume 
displacement of the boundaries;  the cavity then has a s t i f f en ing  ac t ion  
on the plate .  Several  s tudies  have  already  been made with these s i m -  
plifying  assumptions. Lyon (1) used t h i s  approach when considering the 
low frequency noise reduction through a rectangular enclosure w i t h  one 
f l e x i b l e  w a l l ,  though the analysis w a s  r e s t r i c t ed  to  the  case  where t h e  
panel modes and frequencies were l i t t l e   a f f e c t e d  by the enclosure.  
Pretlove ( 2 )  when s tudying  the  e f fec ts  of a backing cavity on a p l a t e  
w i th  l a rge  a spec t  r a t io  assumed the pressure was uniform and proportional 
t o  t h e  volume displacement obtained an exac t  so lu t ion  to  the  problem. 
Dowel1 and Voss (4) and ( 5 )  and later Pretlove (3) drew similar conclusions 
about the effect  of a shallow cavity on a f lex ib le  pane l  after using a 
ser ies   so lu t ion   for   the   acous t ic   ve loc i ty   po ten t ia l .   In   the  above 
references the work was concerned with a simple plate panel;  the volume 
displacement approach has been used on a more general configuration by 
Lyon e t  a1 ( 6 )  when dealing with the low frequency noise reduction of 
space-craft  structures.  
The  work i s  divided into four main sect ions:  the f irst  sect ion i s  
concerned with obtaining limits for  the appl icat ion of  volume displacement 
theory by studying a one-dimensional acousto-mechanical model; the second 
sec t ion  ex tends  the  f in i te  e lement  p la te  theory  to  inc lude  the e f f e c t  of 
the  cavi ty ;  th i s  i s  achieved by the formation of an add i t iona l  s t i f fnes s  
matrix which couples a l l  of the available degrees of freedom. The procedure 
i s  app l i cab le  to  a s t r u c t u r e  of any shape which may be ideal ised by an 
assembly of f i n i t e  elements. However, t h i s  work i s  r e s t r i c t e d  t o  
s t ruc tures  which may be b u i l t  up from rectangular elements. The f i n a l  
sect ions axe concerned with the numerical solution of the equations of 
motion, for  the eigenvalue problem and the  s t ep  by s t ep  so lu t ion  fo r  t he  
forced transient response respectively and some consideration i s  given t o  
t h e  e f f e c t  of a leakage in  the cavi ty  on t h e  motion of t he  p l a t e .  
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DISCUSSION ON THE EXACT SOLUTION FOR A SIMPLF: SYSTEM 
I n  t h i s  s e c t i o n  t h e  free vibration of a simple plate-acoustic cavity 
system is  discussed i n  o r d e r  t o  i l l u s t r a t e  i t s  sa l i en t  f ea tu re s .  The 
type of system under consideration is  shown i n  Figure 1. 
Figure 1. Simple  Plate-Cavity System. 
The differential  equation governing the motion of  t he  p l a t e  i s :  
and the equation governing the acoustic back pressure i s  
1 .- 2 2 p -  v p  = 0 
C 
The  two systems are  l inked by t h e  dynamic boundary condition a t  the  
acous t ic  p la te  in te r face :  
If t h e  p l a t e  i s  simply supported the motion of the plate may be expressed 
i n  terms  of  an i n f i n i t e   s e r i e s  of double s i n e  modes:- s i n  - s i n  
Equation (1) then becomes: 
i r x  & 
‘ij a b o  
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Providing there are no internal  acoust ic  sources ,  the acoust ic  back pressure 
i s  induced solely by t h e  p l a t e  motion and i t s  e f f e c t  is  t o  couple the in- 
vacuo p r i n c i p a l  modes of  the plate .  If the cavity i n  Fig. 1 has hard walls 
and t h e  motion of the coupled system proceeds with a time dependence of the 
form sin ut ,  then the back pressure may be shown t o  have t h e  form ( r e f .  3) 
oxx) 
where m + n > 0 
The magnitude of the   coef f ic ien ts  A. and A a r e  dependent upon 
the  dynamic boundary  conditions a t  the plate-cavi ty  interface.  The term 
A represents  the pressure due to  p lane  wave  modes which propagate per- 
pendicular  to  the  rear  face  of  the  window along the depth of the cavity. 
.term mult ipl ied by fLmn correspond to   t he   ' c ros s  modes'. It may 
be noted   tha t  the term may be e n t i r e l y   r e a l  or entirely  imaginary,  
depending on the  frequency, w, and the  mode integers  m and  n. If s2 i s  
r ea l ,  t hen  the  mode does not propagate; most  of the pressure f luctuat ions 
occurr ing  local ly  a t  t h e   r e a r   f a c e  of the window. I f  R i s  imaginary 
then the mode propagates along the cavity. 
mn 
0 
Simplified Frequency Equations 
An exact  solut ion to  equat ions (4 ) and ( 5  ) has been given by Pretlove 
(3)  for the case where the window completely  covers  one w a l l .  In  what 
follows some low f requency  res t r ic t ions  a re  imposed: t he  p l a t e  i s  represen- 
t e d  by i t s  first three  in-vacuo volume displacing normal modes; i n  t r e a t i n g  
the acoustics,  only plane waves are considered, so tha t  t he  e f f ec t s  of the 
cross modes are neglected. This l a t t e r  assumption i s  reasonable as the  
cross modes  do not propagate a t  frequencies below their cut-off frequency. 
The plate  equat ion becomes, i n  terms of the three general ised co- 
ordinates : 
The acoustic equation simply becomes 
5 
I 
i -  
pb = A cos - 
C ( 7 )  
wz 
Now, t h e  e s s e n t i a l  boundary conditions at the  in te r face  a re  g iven  by 
equation (3) but ,  because  of  the  e f fec t ive  cons t ra in ts  tha t  have been 
appl ied to  both systems,  the condi t ion cannot  be sat isf ied a t  every point 
of the  surface.   Instead,  the  equilibrium of t.he  whole surface is satis- 
f ied  thus :  
0 0  0 0  
Hence, on s u b s t i t u t i n g   f o r  w and  p, 
00  00 
This la t te r  equat ion  g ives  an expression  for A, which i n  t u r n  may  
be subst i tuted into eq.  ( 7 )  f o r  the acoustic back pressure. Then 
s u b s t i t u t i n g  f o r  pb in   eq .  ( 6 )  gives 
If a s t a t e  of f r ee   v ib ra t ion   ex i s t s  s o  t h a t  - 
frequency equation for the system is:- 
2 
i j  --w qi j ,   then   the  
+ c  - w 2 11 1 
c1 /3 
c1/3 
c1 /3 
2 C w2 
~ 1 3  + - 9 - 
c,/9 
64 'aC ab 
IT pph 
c1/3 
C,/9 
cot - wd 
C 
= o  
(9) 
Now, as s ta ted previously,  this  equat ion al lows for the  roots  due t o  
6 
acoust ic  s tanding waves. The volume displacing theory appl ies  when the  
acoust ic  pressure i s  nearly  uniform  throughout the enclosure.  In which 
case ( w R / c )  i s  small and cos(wR/c) 1; s i n  ( w R / c )  wR/c; so  t h a t  
cot (wa le )  f c/wR. However, it i s  informative  to  adopt  he  approach 
which is  t o  be used in the ensuing sections to derive the "volume-displace- 
ment" frequency equation. 
If the process i s  ad iaba t i c ,  t he  back pressure i s  a function of the 
volume displacement of the boundaries and i s  given by: 
2 
R &C 
Pb - - - ir 6v 
0 
where v i s  t h e  volume of the  nclosure = a b d. 
0 1 1  
0 0  
Therefore 
Then, after subs t i t u t ing  fo r  pb in  eq.  ( 6 ) ,  the  frequency  equation becomes: 
2 
Lol1 + c2 - w 2  
c2 / 3  
c2 / 3  
w;3 + c2/9 - 2 
2 
64 'ac ab where c =  2 T -  
IT Pphd  albl 
w2 + c2/9 - w 2 31 
= o  
(10) 
Results .- The roots  of the  two frequency  equations ( 9 )  and (10) 
were evaluated for  a glass plate of dimensions 144" x 96" x 0 ;25" ,  with 
a backing cavity of air of dimensions 144" x 96" x d".  The depth of  the  
cavi ty ,  d, w a s  var ied from  120" t o  900". It was a l s o  o f  i n t e r e s t  t o  
compare the roots  obtained from the diagonal terms of eq. (lo), onl,y; 
these imply that  there  i s  no change i n  the mode shape and no coupling 
7 
between t h e  modes. 
The results shown i n  Fig. 2 illustrate two points .  The first, and 
most important, i s  tha t  t he  volume displacing theory gives  resul ts  which 
are w e l l  wi thin 5% of the  exac t  p lane  wave so lu t ions  fo r  t he  sho r t  cav i ty  
depths, i.e. l /d"  > .05. The accuracy decreases as t h e  p l a t e  modes begin 
t o  e x c i t e  a standing wave down the depth of the enclosure,  the frequency 
of the  s tanding  wave being that given by w = c/4d. When the  p la te  in -  
vacuo  frequencies  are  greater  than w then  the  enclosure  acts   as  an 
added m a s s  and the  volume displacement theory does not apply. From the  
r e s u l t s  it seems t h a t  t h i s  r e s t r i c t i o n  need only be a p p l i e d  t o  t h e  first 
mode as t h i s  i s  a f f ec t ed  most and a reasonable  cr i ter ion for  the theory 
to  apply  i s  that the fundamental frequency of the mechanical system should 
be less than w /2.0. 
C 
C 
C 
The natural  f requencies  obtained by assuming t h a t   t h e  modes a re  
uncoupled are very  unsa t i s fac tory  for  small cavity depths and thus the 
assumption is  i 'ncorrect. For l a r g e r  volumes the  frequencies  approach 
t h e  volume displacement values,  but neither theory is then correct  as 
the  cavi ty  is then  ine r t i a  con t ro l l ed .  
Defini t ion  of  T-I, t h e  r a t i o  of.   acoustic  to  mechanical  st iffness.-  This 
de f in i t i on  i s  derived from the  acous t ic  and mechanical stiffnesses of the  
fundamental mode f o r  a simply  supported  plate  enclosing a volume  v of 
compressible fluid. 
~ -~ 
0 
IT Eh 4 3  
~ ( 1 - v  ) a  
The mechanical  s t i f fness  i s  (1 + B2I2  2 4  B4 
64pc2 
The acous t i c   s t i f fnes s  i s  -4 ga2 
ITv 
0 
768(1 - p 2 )  P C 2  B5 6 - ar l =  -8 E 
7r (1 + g2I2  vot  3 
This  def ini t ion is  to  ho ld  fo r  o the r  boundary conditions although it i s  
not   the  t rue  value.   Typical   values   of  0 f o r  an average room are  given 
i n  t h e  t a b l e  below f o r  a p l a t e  a spec t  r a t io  ,3 = b/a = 2.0; v = 2.0 x 
10 cubic  ins.  6 
0 
Window dimensions 
9 
40 X 20 X 0.125 80 X 40 X .1875 120 X 60 X .25 168 X 84 X .25 
~~ 
- . 
" ." 1 
a 
PLATE FINITE EI;EMENT FORMULATION M INCLUDE CAVITY STIFFNESS  EFFECTS 
In  th i s  repor t  on ly  rec tangular  f in i te  e lements  are considered. The 
method consis ts  of dividing the plate  into a-number of these elements, and 
within each element.the displacement is given by a number of assumed modes, 
the coeff ic ients  of  each mode being related t o   t h e  modal displacements. 
Here four displacement unknowns per  element corner are used; these are 
w, aw/ax,  aw/ay,  a2w/axay. The assumed modes are Hermitian  interpolation 
polynomials  having the pxoperties : 
f f ' ( 0 )  f (1 )  f'(1) 
f1(5) = 1 - 5 + 25 
f 2 ( d  = 5  - 25 + 5 
2 3 
2 3  
1 0 0 .  0 
0 1 0 0 
0 0 1 0 
0 0 0 1 
f 3 ( 5 )  = 35 - 2c3 2 
.ii 
'2 
1 
4 
X 
3 
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The equations of motion are deduced from Hamilton’s p r inc ip l e ,  which 
states t h a t  between two ins t an t s   o f  time tl and t2 the  motion 
proceeds in such a way t h a t  t h e  “ a c t i o n ”  i n t e g r a l  
tl 
i s  s t a t iona ry  fo r  t he  ac tua l  motion when compared with a l l  other  possible  
motions  taking on the  prescr ibed  actual   values  a t  tl and t2. VEm i s  
the  mechanical  sfrain  energy, VEc is the  acous t ic  s t ra in  energy  of t h e  
cavity.When the  energ ies  are expressed in terms of displacements the 
p r i n c i p l e  l e a d s  t o  t h e  E u l e r  Lagrange equation 
Now, the element mass and-st i f fhess  matr ices  for  the purely mechanical  
terms have already been  given  by Mason (7) .  The mass matrix is: 
b a  
rg  = ph 1 I {fXfyl{fXf,lT aXaY 
0 0  
The s t i f fnes s  ma t r ix  i s  
b a  
where the dashes denote  spat ia l  der ivat ives .  
The forcing vector  for  a pressure  P(x ,y , t )  on the element surface 
where y = diag.11,  a, b,  ab, 1, a, b,  ab, 1, a, b,   ab,  1, a, b,   ab) .  
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The equations of motion for each element are.: 
. 
and these  can be wr i t t en  as a single matrix equation 
A t  th i s  s tage  the  e lements  are s t i l l  not  linked  togetl,,-r. The systems 
are assembled by considering equilibrium and compatibil i ty conditions.  If 
{w) i s  the  displacement  vector  for  the  overall   system and  {F) i s  the  
force  vector,   then  these are r e l a t e d   t o  {wu} and  {Fu}  by means of a 
rectangular Boolean matrix Bo] which contains  only  ones  and  zeroes 
for compatibi l i ty  {WuI = [BJEWI ; 
for  equi l ibr ium {FI = [ B ~ - J ~ I F ~ I  .; 
Because no constraints have been a $ l ied  and t h e  assembled system is  
f r e e   t o  move in   space ,   the   mat r ix  [ B j  rKu] [BJ i s  singular.   Constraints 
are appl ied by making the displacement zero a t  a par t icu lar  po in t  and 
necess i t a t e s  removing appropriate rows and columns from the Inass and s t i f f -  
ness  matrices.  If N cons t ra in ts  are appl ied  then  the  order  of t he  
matrices i s  reduced by N. 
The Acoustic  Stif  kess Matrix 
I n  t h e  above t h e  e f f e c t  of the cavity has been neglected.  Its ef fec t  
will now be given by considering the variation of t h e   c a v i t y   s t r a i n   e n e r a  
term, 
mC 
The volume displacement for an element i s  
S 
The t o t a l  volume displacement for an assembly of N f in i te  e lements  
and t h i s  can be expressed in the more convenient matrix form 
where x. and a r e  column vectors  defined by 
w =  
%O 
A 
G =  
% 1; G 
%N 
where the  in t ege r  su f f i ces  r e fe r  t o  the  e l emen t  number. 
The t o t a l  VE fo r  t he  assemblage of elements i s  then: 
C 
A t  th i s   s tage   the   e lements   a re  unassembled. The assembly i s  
carr ied out  by r e l a t i n g  t h e  element coordinates to the assembled system 
coordinates using the Boolean transform matrix. 
12 
I 
Then i n  terms of the system coordinates 
and th i s  g ives  the  addi t iona l  uncons t ra ined  s t i f fhess  matrix due t o   t h e  
cavity as : 
Plate  l inked through the Cavi ty  to  a Se t  of Leaks 
The leak terms are t rea ted  as simple Helmholtz resonators where the 
leak mass o s c i l l a t e s  on the  spring  provided by t h e  c a v i t y .  I n  t h i s  
ca se  the  cav i ty  s t r a in  energy i s  
where 6v and 6vL a re   t he  volume displacements of the  leaks and p l a t e  
respect ively.  
P 
For a number of  leaks of area a. and  isplacements di then 
1 
6v = 1 aidi = {ai} T {di). L 
h e  var ia t ion  of  vEc with respect  to  all the  coordinates  gives  r ise  
to  th ree  d i f f e ren t  s t i f fnes s  ma t r i ces :  t he  f i r s t  corresponding t o  t h e  
p l a t e  volume displacement i s  that given by equation (18) in  the previous 
sect ion.  A second d i rec t  s t i f fness  mat r ix  obta ined  by the variation of 
the vL2 term for the   leaks is:  
' The p l a t e  and leaks are  l inked by the coupling matrix derived by the  
var ia t ion  of t h e  
vP VL 
term. This i s  given by 
I 
li 
13 
" ~ 
The s t i f f n e s s  matrix f o r  t h e  whole system i s  then of the  form 
The leakage terms also contribute to the kinetic energy, so  t h a t  
additional terms a r e  needed i n  t h e  mass matrix when dealing with the . 
complete system. These are  a l l  simple diagonal terms given by: 
where E. i s  the  equivalent  length of the  ith leak. 
1 
The Nature of the Cavi ty  St i f fness  Matr ix  
The e s sen t i a l  f ea tu re  o f  t he  cav i ty  s t i f fnes s  ma t r ix  may be deduced 
from equation (17 ) .  This shows t h a t  it can only  be  constructed by 
dealing with the system as a whole. A l l  degrees  of  freedom are l inked 
by the cavity matrix;  unlike the mechanical st iffness matrix which i s  
usual ly  fa i r ly  sparsely populated,  such that  there  i s  no cross linkage 
between many of the degrees of freedom. 
If the  p l a t e  i s  idealised using elements of equal dimensions the 
cavity st iffness before being assembled has the form: 
- 
a a . . . . . . .  a 
a a  
a .  
. .  a . .  . .  
- a a a  ' = *  a 
where c1 is  a square  symmetric  matrix  given by: 
where a and b a r e  element  dimensions. 
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Because a is  a column vector   mult ipl ied by i t s  transpose,  both a 
and the  cavi ty  s t i f fbess  mat r ix  are sin.gular, and  of rank 1. This feature 
i s  not unexpected though because a. disturbance a t  one point produces a 
uniform pressure over the whole surface of the plate.  
THE EIGENVALUE PROBLEM 
Using the notation of the previous section the equation of motion of 
a plate-cavity configuration 
CKm + 
The e f f e c t s  of a l t e r i n g  
simply by multiplying K cav 
may be put  in  the form 
K - w2g{w) = 0 cav 
the  cavi ty  volume and hence 0 i s  achieved 
by an appropriate  scaling  factor.   Various 
p l a t e  boundary conditions may be applied simply by removing the  approp- 
r i a t e  rows and columns of t h e  assembled matrices. 
A FORTRAN program w a s  wr i t ten  to  so lve  equat ion  (22)  for various 
configurations. The purpose  of  the  investigation w a s  t o  examine the  
e f f e c t  of  varying 0 ,  on a rectangular  plate  wi th  a l l  edges  simply 
supported, and a p l a t e  w i th  a l l  edges  clamped. The effect   of   aspect  
r a t i o  was also  considered.  Throughout  he work p l a t e  f i n i t e  e l  ments 
with  four unknowns per  corner,   that  i s  , w ,  aw/ax, aw/ay and a w/axay, 
as these had been shown previously, Mason ( 7 )  , to  g ive  the  
most sa t i s fac tory  so lu t ion  for  p la tes  in  in-vacuo-condi t ions*  
5 
A preliminary study w a s  first made i n  o r d e r  t o  check the formation 
of Kc,; since only the volume displacing modes of  the plate  cause any 
change in  s t r a in  ene rgy ,  uEc, then these would be  the  only modes t o  
increase in frequency when the  volume of the cavi ty  i s  reduced. In Fig. 
3 t h i s  i s  shown t o  be the case; the non volume displacing modes are 
unaffected. 
The r e s u l t s  of Fig. 3 were obtained by using four plate elements, and 
as mentioned above, the  idea l i sa t ion  inc luded  the asymmetric non volume 
displacing modes. Subsequent r e s u l t s  were  found  by using  properties  of 
symmetry, such t h a t  t h e  4 element  ideal isat ion was equiva len t  to  an idea l i -  
sa t ion  w i t h  16 elements, the contributions from the asymeti- ic  modes being 
removed, so t h a t  a l l  eigenvalues and vectors which were evaluated referred 
t o  t h e  volume displacing modes and these  a re  the  on ly  ones  re fer red  to  in  
the following discussion. 
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Results 
Figs. 4 and 5 are results for a clamped and simply supported plate. 
These show t h a t  i n  t h e  r a n g e  of ?-I studied the lowest  modes a r e  t h e  
most affected.  In both cases the fundamental  mode f irst  increases 
rap id ly  wi th  increase  in  q and then  the  frequency  appears t o  approach 
a constant value nearly equal to the in vacuo natural  frequency of the 
second volume displacing mode. While the  r a t e  o f  change o f  na tu ra l  
frequency of t h e  f irst  mode i s  slowing down, t h e  change of frequency of 
t h e  second mode increases.  An explanat ion of  this  phenomenon i s  given 
by r e f e r r i n g   t o   t h e  new normal modes of the system. 
The normal modes f0.r the f irst  and second frequencies are shown i n  
Fig. 6 and Fig. 7. These modes have  been  normalised  by  dividing by 
the   def lec t ion  a t  the   p la te   cen t re .   In   the   range   of  T-I considered  in  
the computations these modes are various combinations of the f irst  two 
i n  vacuo modes, and at small values of q, when the natural  f requencies  
have only increased slightly, the mode shapes  a re  v i r tua l ly  unchanged. 
However, as q increases  the  coupling  between modes becomes evident and 
the  modes lo se  the i r  cha rac t e r i s t i c  shape .  The reason  for  the  behaviour 
of  the natural  f requencies  then becomes evident:  the f irst  mode stops 
increasing in frequency because the two i n  vacuo volume displacing modes 
combine t o  form a near non-volume displacing mode. For the simply 
supported case the in vacuo coef f ic ien ts  ‘11 and ‘13 a r e  such t h a t :  
For the second mode there  i s  an increased volume displacement and 
hence  the  increased rate of  change  of  requency.  Although  the  point i s  
n o t  i l l u s t r a t e d  it would seem t h a t  a similar occurrence would also occur 
a t  the higher modes; a l t h o u g h  i n  s t a t i n g  t h i s  t h e  r e s t r i c t i o n s  of the  
theo ry ,  i . e .  t ha t  a s t a t e  of uniform pressure exists throughout the 
volume, should be remembered. 
Now it has  already  been  mentioned t h a t  as rl increases  the  frequency 
of  the  f irst  mode inc reases  un t i l  it i s  near  the natural  f requency of  the 
second mode. It then  appears t o  approach this  frequency  asymptotically.  
With t h i s  i n  mind then, it i s  obvious that  the behaviour  i s  dependent upon 
the frequency rat io  of  the f i rs t  two i n  vacuo modes. Th i s  r a t io  i s  a 
funct ion of  the aspect  ra t io ,  6, and f o r  a simply supported plate it i s  
given by: 
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The equation shows that  the frequency rat io  decreases  as the  a spec t  r a t io  
i s  increased, and hence the asymptot ic  effect  will occur for small values 
of n with  increasing  aspect   ra t io .   Figs .  8 and 9 show the  computed 
r e s u l t s  for 
p l a t e  boundary  conditions. The i n  vacuo  frequency r a t i o s  computed f o r  
t h e  first two modes are a l s o  shown where they f i t  on the curves. The 
r e s u l t s  are in general  agreement with those suggested in this discussion. 
The clamped p l a t e  does not respond t o  t h e  same degree  because TI i s  not  
the  t rue  va lue  for  the  acous t ic  to  mechanica l  s t i f fness  ra t io .  
("'vacuo I*. n ,  f o r  d i f f e r e n t  a s p e c t  r a t i o s  and f o r  d i f f e r e n t  
The behaviour of the f irst  two modes i s  important as it i s  these 
modes which w i l l  dominate the  s t ress  d i s t r ibu t ion .  That  which i s  of 
particular  importance,  when n i s  la rge ,  i s  when t h e  two volume dis- 
placing modes combine t o  form a near non-volume displacing mode; t h i s  
mode, $, w i l l  not  be  excited  under a uniform  pressure  load,  p,  because 
the generalised force i s  near ly  zero,  i .e .  
p $dS f 0. 
S 
This means t h a t  t h e  stress d i s t r i b u t i o n  w i l l  then be covered by t h e  second 
mode, which Figures 6 and 7 show that, in   the   longi tudina l   d i rec t ion ,  
t h e  maximum curvature and hence the maximum bending s t ress  moves towards 
the edges. 
The r e s u l t s  f o r  a square clamped p l a t e  a r e  shown in  F ig .  10; t h i s  
configuration  does  not fit into the general  pat tern of  behaviour .  The 
theory which appl ies  for  the  o ther  aspec t  ra t ios  ind ica tes  tha t  two 
volume displacing modes occur w i t h  equal natural frequencies. According 
t o  Warburton ( 8 ) ,  t h i s  does not  occur;   instead,  there  are two 'degenerate' 
modes wi th  s l igh t ly  d i f fe ren t  f requencies .  The lowest of these degenerate 
modes has nodal  l ines  across the diagonals and i s  a non-volume displacing 
mode which, w i t h  varying cavity volume, has a constant natural frequency. 
However, t h i s  mode i s  symmetr ical  about  the quarter  plate  l ines  which i s  
the reason i t s  eigenvalue and vector were eva lua ted  in  the  computed pro- 
gram. The second  degenerate mode has a nodal   c i rc le   about   the  centre  
o f  t he  p l a t e ;  t h i s  i s  a volume displacing mode and the diameter of the 
nodal   c i rc le   decreases   with  increase  in  q. 
THE TRANSIENT  FORCED VIBRATION OF A COUPLED PLATE-MVITY  SYSTEM 
This sect ion i s  concerned with the transient response of two 
different  plate  cavi ty  configurat ions:  the f i rs t  system i s  simply a 
plate covering an a i r t igh t  enc losure  where the loading i s  applied on 
the outside surface of the plate.  In the second system a leakage 
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term is  allowed which a f f e c t s  t h e  back pressure acting on the  in s ide  
surface of  the plate .  This  extra  term may enhance or diminish the 
motion  of the  sealed  system. It a l s o  changes the  frequency  character- 
i s t i  c. 
The equation of motion f o r  t h e  f irst  system i s :  
The equation of motion for the second system allowing for a s ingle  
leak,  i s :  
In   th i s   s tudy   the   e f fec t ive   l ength  Re w a s  given  by 'e = q.t 
The t ime  his tory of the  loading  parameters F and FL was of t h e  form: 
'LP 
Str ic t ly  speaking because the leak i s  separated from the region of  the 
p l a t e  by some distance,  A ,  in  the direct ion of  propagat ion of  the shock 
wave, there  would be a need t o  account for a delay  term, A/c. However, 
it i s  impl ic i t  in  the  theory  tha t  th i s  de lay  te rm i s  small compared with 
the fundamental period of the coupled system, because a s ta te  of  uniform 
pressure i s  assumed to  ex is t  in  the  cavi ty .  This  be ing  the  case  then  
the delay term may be neglected and the  two loading functions may be 
assumed to  ac t  s imul taneous ly .  The leak  then  has two main e f f e c t s  on 
t h e  system. F i r s t l y ,  it adds  an extra  degree of  reedom  and  consequently 
it changes the natural  frequencies;  the degree of the change  depends upon 
leak  area.  Secondly,  because  the  leak i tself  i s  forced  there i s  an e x t r a  
back pressure within the cavity;  there i s  a subsequent variation in the 
t ime h is tory  of - the  ne t  p la te  load  which changes the  form of the response. 
The t ransmit ted pressure i s  given by 
n 
Thus f o r  a sealed cavity 
2 A  
PT = v 0 'b G T x ( t ) ,  
t Morse (17) p.234 suggests o . 8 c L  f o r  an  open tube. 
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and f o r  an allowance for the leakage displacement q(t) 
where w ( t )  and ( t )  have  been  obtained  from  the  solutions of equations 
(23) an8 (24).  9 or the simply-supported plate a much simpler expression 
can be used, based on the assumption that the f'undamental i n  vacuo mode 
predominates the plate deflection; the pressure may then be wri t ten in  
terms  of  the  centre  plate  deflection sp(t): 
Results 
FORTRAN programmes were w r i t t e n  fo r  t he  so lu t ion  of both equations 
(23)  and ( 2 4 ) .  This so lu t ion  was obtained by the s tandard fourth order  
Runge-Kutta procedure ,  the  de ta i l s  of which are given in Craggs ( 9 ) .  
Usual ly  the s tep s ize  was chosen t o  s a t i s f y  t h e  c r i t e r i o n  for accuracy 
(Ah = 1.0) and although there was a s l igh t  modi f ica t ion  to  the  m a x i m u m  
value when t h e  s t e p  s i z e  was halved,  the var ia t ion w a s  i n s ign i f i can t  
compared with the changes produced in  the response when the system 
variables  were a l t e r ed ,  s o  the  l a rge r  s t ep  s i ze  was adhered t o  through- 
out the computations. 
To avoid overflow it was necessary to  mult iply the s t i f fness  matr ices  
by a f ac to r  of 10- . The r e s u l t s  were amended accordingly af ter  computa- 
t ion .   Genera l ly ,   the   ca lcu la t ions   re fe r   to  a g l a s s   p l a t e  window of 
dimensions 144" x 84" x 0.25" and where t e volume w a s  not decreased to 
change TI , it was assumed t o  be 3.0 x 10' ins3 .  
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In  the  f irst  set of r e s u l t s  t h e  e f f e c t  of the acoustic-mechanical 
s t i f f n e s s  r a t i o  T-I, on the response of a window t o  an 'N' wave was con- 
sidered. For these  computations no leakage  terms  were  allowed  for  and 
the  cavi ty  w a s  sealed. When an allowance  for a leakage was  made t h e  
e f f e c t s  of varying the leak area and t h e  r e l a t i v e  magnitude of the over- 
pressure on t h e  p l a t e  and  opening  were computed. The in t e rna l  cav i ty  
pressure for  these cases  are  a lso shown. 
Effects  of 0.- Figs.  11 and 12 show t h e  e f f e c t  of T-I on the  displace- 
ment and velocity responses of a simply supported plate to an 'N' wave of 
constant  duration. When TI is increased  several  changes o c c w  i n  the 
r e sponse :   f i r s t l y ,   t he  magnitude  decreases;  secondly,  the  frequency  in- 
creases ,  s o  t h a t  t h e r e  i s  a not iceable  change i n  the t ime his tory.  These 
changes are nothing more than would be expected with an increase  in  the  
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system's stiffness. Howeveqthere  are  secondary  effects  introduced due 
t o   t h e  change in  pe r iod  r a t io  o f  t he  load ing  and i n  one case the response 
dur ing  the  f ree  v ibra t ion  is  extremely small although there i s  a s i g n i f i -  
cant response during the forced motion. This type of loading effect  was 
discussed  in  Craggs , r e f .  18. 
A fur ther  change in  the  r e sponse  cha rac t e r i s t i c s  i s  brought about 
by the cavi ty  causing the plate  natural  f requencies  to  come closer together 
and consequently, as rl increases ,   the   contr ibut ion  of   the  second mode 
should be more s igni f icant .  This  i s  c l e a r l y  i l l u s t r a t e d  i n  t h e  v e l o c i t y  
responses,  f igure (12 )  - velocity being more sens i t i ve  to  the  h ighe r  modes 
than  displacement. However, it should be noted that the increased signi- 
f icances of t h i s  mode i s  due almost en t i re ly  to  the  reduct ion  in  ampl i tude  
of  the f irst  mode which i s  a f fec ted  more by  the  cavi ty  s t i f fness .  The 
e f f e c t s  of reducing the cavity volume on the veloci ty  and displacement 
shock spec t r a   a r e  shown in   F ig .  13. As 11 i s  increased,   the  maxima are  
reduced though the veloci ty  i s  a f f ec t ed  l e s s  t han  the displacement;  because 
the natural  frequencies are increased the peaks,corresponding to an iso- 
chronous condition, OCCUI' a t  shorter  durat ions.  
Leakage effects.-   Fig.  14 compares the  displacement  responsfsfrom 
the centre  of a plate  obtained during the forced motion under i n  vacuo 
conditions,  with a sealed cavi ty  and with a cavity  leak.  coupling. Two 
i n t e r e s t i n g  e f f e c t s  a r e  i l l u s t r a t e d :  when the leak i s  included the plate 
frequencies are always grea te r  and they increase with the area of the 
opening;  also,  the  plate  displacement  in  the  inward  direction  decreases 
and i s  less  than  the  displacement  of  the  sealed  system. However t h i s  
s i t u a t i o n  i s  reversed in the outward direction. 
These f a c t s  may be explained as follows: with the introduction of 
the opening there are no pure plate modes, each of the modes involves 
the  par t ic ipa t ion  of  the  leak  to  some extent.  For  most of the cases 
shown the lowest mode of the system involves predominately leak motion 
and the displacement of the leak mass and p la te  a re  in  phase ;  the  
second mode i s  a f fec ted  more  by the  p l a t e  w i th  the  p l a t e  and leak i n  
anti-phase t o  each other. (In both these modes the shape of the plate 
def lect ion i s  approximately t h a t  of the lowest in vacuo p l a t e  mode.) In  
Fig. 1 4 ,  the  displacements  involve  mainly  the  second mode; the  frequency 
i s  increased because the two systems are moving in  an t i -phase ,  e f fec t ive ly  
reducing the volume of t h e  c a v i t y  r e l a t i v e  t o  each other and consequently 
increas ing   the   s t i f fness .  The amplitude e f f e c t  i s  due to   the  s lower fre- 
quency  of the  leak ;  such  tha t  dur ing  the  f i r s t  osc i l la t ion  of  the  p la te  
the leak i s  s t i l l  creat ing a decrease in volume, thus increasing the 
cavity  pressure.  This  increased  pressure  resists  the  inward movement 
o f  t he  p l a t e  and assists the movement outwards. 
The above s ta tements  re fer  spec i f ica l ly  to  the  ear ly  phases  of  the  
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response. The remaining'vibration i s  influenced more by the lowest mode 
of  the system part icular ly  for  the larger  openlngs,  L Lere this mode sub- 
sequently  dominates  the  response.  These  effects  are shown i n  Fig. 15 .  
However, i n  o r d e r  t o  e x p l a i n  t h e  results it is  expedient first t o  examine 
t h e  manner i n  which the natural  f requencies  and system mode shapes vary 
with the area of the opening. These a r e  shown i n  Fig.. 16. 
The natural  f requencies  for  the volume displacing modes a l l  increase 
with an increase in  the area.of  the opening,  the second natural  f requency 
t end ing  to  move  away from t h e  first. A simplif ied vers ion of the system 
modes is given  in   the  tables   a longside  the  diagram.  This   s imply  re la tes  
t he  p l a t e  cen t r e  d i sp l acemen t  r e l a t ive  to  tha t  of t h e  l e a k  f o r  t h e  f irst  
two modes. An increased value of the  ra t io ,  whi le  i t s  modulus i s  less 
than uni ty ,  i s  indicat ive of  the amount of coupling between the two sub- 
systems.  There i s  a strong coupling when the area of the opening i s  
large.  This  coupling i s  extremely  important; it means t h a t  one sub- 
system cannot move without having a s ign i f i can t  e f f ec t  on the  o ther .  The 
consequence of t h i s  w i l l  now be d iscussed  in  re la t ion  to  F ig .  15. 
The curves for the small openings - 100 and 400 sq. inches - show t h a t  
t h e  motion i s  predominantly in the second mode, the  f i r s t  mode e f f ec t  
being indicated by t h e  low frequency beat ing.  In  this  s i tuat ion the 
coupling i s  w e a k  and the two sub-systems almost vibrate independently 
a t  t h e i r  own natural  frequency. 
With the larger opening the motion of t h e  p l a t e  i s  more  complex and 
the fundamental mode i s  dominant, pa r t i cu la r ly  fo r  t he  2,500 sq. inch 
area.  This i s  due to  the  s t rong  coupl ing  between the  two sub-systems 
which means tha t  the  p la te  i s  s igni f icant ly  ac t ive  in  the  fundamenta l  
overall  system mode. It i s  a l so  due to  the  sepa ra t ion  of t h e  two n a t u r a l  
frequencies through an inc rease  in  the  r e l a t ive  s t i f fnes s  of the second 
mode which also reduces the second mode's contribution to the response.  
Overpressure  effects.- The do t t ed   l i ne  i n  Fig. 14 represents   the  
case where the overpressure on the opening i s  one h a l f  t h a t  on the  p la te .  
The complete s e t  of curves are then representative of two s i tua t ions  for 
a window over a box-like cavity: one, where the opening i s  on the  same 
wall as the  window and pressure doubling occurs on both sub-systems; the 
second i s  where the opening i s  on the opposite face and pressure doubling 
occurs  only on the  window. This,  of  course, i s  assuming tha t  the  loading  
is  a t  normal incidence t o  t h e  window face.  
For the  small openings there i s  a s igni f icant  reduct ion  in  the  
overal l  response,  but  the greatest  change occurs with the large openings. 
Again, t h i s  is  due to  the  nea r  equa l  pa r t i c ipa t ion  o f  t he  two sub-systems 
in  the  lowes t  modes. Thus,  although a reduct ion in  pressure occurs  only 
a t  the opening, there i s  a subsequent reduction in the plate displacement.  
What i s  more important  in  the 2500 sq. inch opeKing case, and the cause of 
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the phase lag,  i s  that because of the near-equal participation of t he  two 
s y s t e m  i n  Llie second mde,  the  p la te ' s .  cont r ibu t ion  i s  reduced by the  de- 
crease in  overpressure a t  the opening and hence the ra te  a t  which the  p l a t e  
responds i s  dominated by the frequency of the f irst  system mode. 
Internal   pressure. -  The behaviour of t h e  i n t e r n a l  p r e s s u r e / ( m a x i m  
f ree  f ie ld  pressure)  ra t io ,  for  the  var ious  openings  and load conditions i s  
shown in   F igs .  17 (a )  and (b).  Three  important  points are i l l u s t r a t e d .  
The i n t e r n a l  pl-essure i s  grea te r  than  the  f ree  f ie ld  pressure  in  a l l  cases; 
t h i s  i s  due to  the  doub l ing  e f f ec t s  on the  sur face  of  the  p la te ,  and the  
dynamic amplification caused by t h e  i n e r t i a  f o r c e s  o f  t h e  p l a t e  and leak- 
age mass. The second  point i s  that  the pressure decreases  with the area 
of the opening; this again i s  mainly a dynamic effect  created by a change 
in  the  pe r iod  r a t io ,  T/T,  of the loading which i s  introduced by the  change 
of the system natural  frequencies when the leak area i s  a l t e r ed .  The t h i r d  
point  i s  ind ica t ive  of the substantial coupling of the sub-systems in the 
ove ra l l  motion. Had e i t h e r  been  dominant the  frequency  of  the  pressure 
would  have  been t h a t  of  the  dominant  sub-system. As it i s ,  the  frequency 
i s  n e i t h e r  t h a t  of t he  p l a t e  no r  the  l eak ;  it i s  a beating combination of 
the  two frequencies.  This i s  i l l u s t r a t e d   f o r   t h e  2,500 sq.  inch  opening 
i n  FigJ7(c) fo r  which the  two const i tuent  pressure components a re  a l so  
drawn. 
DISCUSSION 
The f i n i t e  element approach outlined in this chapter i s  per fec t ly  
general  and may be appl ied to  a s t ruc ture  of  any shape provided t h i s  may 
be real ised by an assemblage of finite elements and provided the m a x i m u m  
dimensions of the enclosed volume i s  small compared with the acoustic wave- 
length.  The method has  been  applied  to  simple  plate  configurations  because 
t h e  r e s u l t s  a r e  t r a c t a b l e  and of pract ical  importance for  window-room sys- 
tems. No exact  solutions  are  available  for comparison  purposes,  though 
it i s  easy  to  obta in  a ser ies  solut ion for  the s imply supported plate  case,  
as i l l u s t r a t e d  i n  the introductory sect ion.  
For the  f ree  v ibra t ion  the  genera l  t rend  of the natural  f requencies  
and mode shapes aye i n  agreement with those given by Dowell and Voss (4) 
and ( 5 )  who f i r s t  assumed t h a t  t h e  s t r u c t u r a l  modes were uncoupled (4) 
and l a t e r  ( 5 )  showed i n  a two mode approximation that the coupling between 
t h e  modes i s  important a t  high  values of r\. S imi l a r   r e su l t s  were 
obtained by Pretlove ( 2 )  who obtained an exact  solut ion for  a one-dimensional 
beam-cavity  model. I n  a sense,  though,  Pretlove's model was a l i t t l e  
u n r e a l i s t i c  f o r  a plate system because the separation of the modes i s  
grea te r  for  a beam; consequent ly  the  f la t ten ing  ef fec t  on the  ( A b l l )  % 
rl curve  did  not  occur  unti l  much higher  values of rl than  those 
indicated i n  Fig. 8. However, both Dowell  and Voss, and Pretlove gave 
experimental  results (from a simple panel cavity model) which a re  i n  
general agreement with those shown i n  Fig. 8. 
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A s  far as the author i s  aware no time domain so lu t ions  for  the  forced  
t r a n s i e n t  motion of plate-cavity systems have been given i n  t h e  r e l e v a n t  
l i t e r a t u r e .  The r e su l t s  p re sen ted  in  the  p rev ious  sec t ion  fo r  t he  p l a t e  
motion and in t e rna l  p re s su re  do agree qual i ta t ively with some of t h e   f i e l d  
t e s t  r e s u l t s  c a r r i e d  o u t  at Edwards A i r  Force Base (10). Here t h e  i n t e r n a l  
pressures of a window garage s t ructure  w a s  a t  the  same flrequency as the  
window s t r a i n ,  as it would be  for  a sealed cavity.  
The plate response parameters computed were displacements ,  veloci t ies  
and accelerat ions;  no attempt w a s  made to  eva lua te  the  s t r e s ses .  The cubic 
representation of the element displacement i s  equivalent t o  a l i n e a r  
var ia t ion  for the  s t resses ,  because these involve the second spat ia l  der i -  
vatives; hence a grea te r  number of elements would be necessary to obtain 
the same degree  of  accuracy.  For a la rge  number of  cases,  though,  the 
t ime h is tor ies  of t h e  s t r e s s e s  a r e  similar to those of the displacements, 
with an added contribution from the  higher modes.  The displacements of 
a p l a t e  under a fixed loading decrease with the volume of the cavity - 
the  acoust ic  and mechanica l  s t i f fnesses  ac t ing  in  para l le l  - and the mean 
displacement d may be obtained,  approximately, for small values  of rl 
from the relat ionship:  
- 
However, as rl increases   the  inf luence  of   the  higher  modes i s  more s i g n i f i -  
cant and although the mean displacements decrease there is  an increase  in  the  
curvature and thus  the  s t r e s ses  do not follow the displacements. 
The resu l t  tha t  increased  pressures  can be induced inside the cavity 
with a l a rge  f l ex ib l e  window and/or an opening, i s  important from the 
subject ive and s t ructural   v iewpoints .  The subjec t ive   resu l t s  would be 
mitigated (though the low frequency components may be amplified) as the  
most j-mportant  high  frequency components have  been f i l t e r e d  o u t .  However, 
minor s t ruc tures  which a re  so small as not  to  inf luence  the  overa l l  motion 
may be overloaded w i t h  the increased pressure.  I n  der iving the pressure 
r a t io s ,  F ig .  17, the part of pressure doubling needs to be emphasised. 
This assumption i s  no t  t ru ly  va l id  in  p rac t i ce  as there  i s  not a per fec t  
r e f l e c t i c n  from the surface of  the s t ructure  due t o  i t s  motion and the 
ac tua l  f ac to r  may be less than two. 
CONCLUSIONS 
The l o w  frequency behaviour of a coupled plate-acoustic system has 
been  studied  using a f i n i t e  element  displacement  echnique. The 
p r inc ipa l  e f f ec t  of the acoustic system on the mechanical system is  t o  
a c t  as an addi t ional  s t ra in  energy source which i s  propor t iona l  to  the  
square of t h e  volume displacement of the plate surface. When the  equat ions ,  
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of motion are formulated this  term generates  an addi t ional  s t i f fness  
matrix f o r  t h e  p l a t e  which couples a l l  of the available degrees of 
freedom. 
Using the theory,  two s tudies  have  been made: t h e  f irst  on t h e  
f ree  v ibra t ion  of  a simple plate cavity system; the second on t h e  
forced  t rans ien t  motion of similar systems, with particular regard f o r  
the  response  to  an idea l  'n '  wave. 
The acoustic term i s  most s i g n i f i c a n t  f o r  l a r g e  f l e x i b l e  p l a t e s  
and s m a l l  cav i t ies .  Under these  conditions  the  in-vacuo  principal 
modes of t h e  p l a t e  are s t rongly l inked and there  i s  an increase i n  the 
natural  f requencies  of  the volume displacing modes, the increase being 
most not iceable  in  the lowest  mode of the system. 
In  the  forced  motion two s i t u a t i o n s  were considered; the first 
where the  cavi ty  was sealed and acted as a pure s t i f fness ,  the second 
where the cavi ty  acted as a coupling between a p l a t e  and a Helmholtz 
leakage  term.  ,Because  of  the change in  na tura l  f requencies  and mode 
shapes there was a l s o  a change in  the  na tu re  of the response t ime his tory;  
t h i s  was due to  the induced change in  the loadings per iod rat io ,  i .e .  
r a t i o  of duration t o  fundamental period, and, when the frequencies were 
brought closer together,  to the more s ign i f i can t  e f f ec t s  of the other 
modes. The leak  opening can a l s o  a l t e r  t h e  motion of t he  p l a t e  and 
although for a la rge  opening  the  in i t ia l  response  osc i l la tes  a t  a higher 
frequency than the in vacuo  and sealed cases,  the ensuing motion i s  
dominated by a leak mode which o s c i l l a t e s  a t  a lower frequency. 
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PART 11: COUPLED W1MX)W-CAVITY FESPONSE  USING PLATE AND 
ACOUSTIC FINITE ELEMENTS 
INTRODUCTION 
The work of t h i s  s ec t ioh  is d iv ided  in to  two main p a r t s :  f i r s t l y  
with the formulation of the equations of motion of a coupled plate- 
acoustic system using plate and acoustic finite elements;  secondly,  
with the solut ion of  these equat ions in  the t ime domain. 
Most  work  on similar problems has been concerned with the eigenvalues 
and modes of a p a r t i c u l a r  system: Foxwell and Franklin (11) and l a t e r  
Warburton (12)  considered the effects of  an acous t i c  f i e ld  on the vib- 
ra t ions of  a cy l indr ica l  she l l ;  Pre t love  ( 2 )  analysed the response of a 
simply-supported  panel  backed  by  an  acoustic  cavity. In each  of  these 
papers  the s t ructure  w a s  represented by a s e r i e s  of t h e   i n  vacuo normal 
modes; the acoust ics  by an exact solution of the acoustic wave equation, 
the two subsystems being linked by the conditions of equilibrium at the 
acousto-plate interface.  
A general treatment of coupled acousto mechanical systems has been 
given by Gladwell  and Zimmerman (13): they showed t h a t  t h e  problem  could 
be formulated entirely in terms of displacements or i n  terms of "force- 
l i ke"   quan t i t i e s ,   s t r e s ses  or pressures.  Gladwell ( 1 4 )  l a t e r  found, 
when attempting t o  o b t a i n  an approximate solution, that it was extremely 
d i f f i c u l t ,  i f  not impossible, to  represent  the acoust ic  system in terms 
of displacements s o  tha t  t he  cond i t ion  fo r  i r ro t a t iona l  motion w a s  
s a t i s f i e d .  However, it w a s  possible  to  adopt a pressure  formulation 
and t h i s  was done by Mason ( 1 5 )  when deriving a three dimensional acoustic 
element. 
Here a mixed f i n i t e  element formulation of the problem i s  used, 
displacements  for  the  plate  and  pressures for the acoustics.  Although 
t h i s  complicates the eigenvalue problem because the result ing overall  
system matrices are unsymmetric it does not cause any e x t r a  d i f f i c u l t y  
wi th  the  t rans ien t  so lu t ion  which i s  the main requirement.  There i s ,  i n  
f a c t ,  some advantage i n  t h i s  mixed formulation when a comparison i s  t o  
be made with experimental  resul ts ,  as mechanical measurements usually 
involve displacements or i t s  t ime derivatives,  acoustic measurements 
are  usually  pressures.   Before computing t h e  time domain response an 
eigenvalue solut ion for  a simple hard walled room i s  c a r r i e d  o u t  t o  t e s t  
the accuracy of the acoustic elements in  the frequency domain. The time 
domain response for a coupled system t o  an ideal  In '  wave i s  then given 
and a comparison i s  made between the responses  for  ideal isat ions involving 
2 ,  4 and 6 cuboid acoustic elements and a simple one-dimensional model 
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involving only acoustic plane waves. The e f f e c t  of varying the depth of 
t he  cav i ty  i s  considered using the 4 element model. 
VARIATIONAL FORMUUTION FOR THE EQUATIONS OF MOTION 
Because o f  t he  r e s t r i c t ion  o f  t he  acous t i c  Lagrangian it i s  conven- 
i e n t  f irst  to  d iv ide  the  sys tem in to  two par t s :  dea l ing  wi th  the  
mechanical subsystem i n  terms of displacements and then with the acoustics 
i n  terms  of a ve loc i ty  poten t ia l ,  I$. The two subsystems are then l inked 
together through equilibrium considerations. 
The act ion integral  for  the plate  system assuming no prescribed 
motion a t  the boundaries i s :  
t2 
where TE i s  the  kinet ic   energy;  VE i s  the  s t ra in   energy;  BEE i s  a 
term such that i t s  var ia t ion  6BEE gives the work done by the external 
fo rces   i n  a virtual  displacement.  BEA i s  a similar term;  the  variation 
&BEA g ives  the  v i r tua l  work done by the acoust ic  back  pressure. BEA has 
a negative sign because it r e s i s t s  t h e  motion impressed by the  ex terna l  
load. When Hamilton's  principle i s  applied,   this  gives  the  equation  of 
motion for the  p la te :  
P P 
The act ion integral  for  the acoust ic  system with a prescribed motion a t  
a surface i s  
J* = 
* i t 2  
(TE; - VE; + BEE)dt 
BE; = BEA. 
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var ia t ion  &BE; gives  the complementary work done  by the v i r t u a l  f o r c e s  
at the  acousto-mechanical  interface.  Since BE: i s  equa l   t o  BEA (and 
as they have opposite signs i n  equations (25) and (27)) these terms dis- 
appear i n   t h e  Lagrangian for the overall  coupled system. 
Making JE* s ta t ionary   g ives   the   acous t ic  wave equation 
with the dynamic boundary condition a t  the  p l a t e  i n t e r f ace :  
where n denotes  the  direction  of  outward  going  normal. 
The required formulation i n  terms of pressures i s  obtained by 
d i f f e ren t i a t ing  the  l a t t e r  equa t ions  wi th  r e spec t  t o  t ime  and applying 
t h e   i d e n t i t y  p = - p ( a + / a t ) .  This  gives  the  equations 
V p - "  2 1 a2p = 0 
c2 a t 2  
p; = - 9 a t  the   in te r face .  
ai i  
An ana ly t ica l  so lu t ion  of the equations ( 2 6 )  and (28)  i s  extremely compli- 
cated  for   the  general   case.  However, s ince  the two in t eg ra l s   (25 )  and 
( 2 7 )  give the correct equations of motion and dynamic boundary conditions 
they can be used as a bas is  for  an approximate numerical solution. 
Approximate Formulation of the Equations of Motion 
I n  t h i s  s e c t i o n  a f i n i t e  element method i s  used to formulate the 
equations of motion for both the mechanical and acoustic subsystems. 
In each case the result ing equations are inhomogeneous. For the acoust ic  
system the dynamic boundary condition at the interface is. implied in  a 
"generalised source" term on the r i g h t  hand side of the equations.  
Acoustic  considerations .- 
The potent ia l  energy VE = 2, c2 ill( d i v  u )  dxdydz 2 
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where u is  the  par t ic le   displacement .  
The kinet ic   energy,  TI3 = &I 1//G2 
The work funct ion,  
dxdydz 
dxdy at  the   i n t e r f ace .  
These quan t i t i e s  may be rewri t ten in  terms of  the veloci ty  potent ia l  by 
making use of the fol lowing relat ionships  
div. u = - - 1 3  
C 2 a t  
P = -P at' 3 
The act ion integral ,  equat ion ( 2 7 )  then becomes 
t2 
where the  te rm in  the  cur ly  bracke ts  i s  the acoustic Lagrangian. It  i s  
th i s  func t ion  which i s  t o  be approximated. 
The approximate  equations~  for a cuboid  acoustic  element.- Here a 
cuboid  acoustic  element i s  considered. m v t i a l  through- 
out the element i s  described by means of the  Hermitian in te rpola t ion  
polynomials , which  were def ined  in  Par t  I, and the four  unknowns 4 ,  
aI$/ax, a$/ay,  ag/az a t  each  corner of the  lement. 
k Z  X 
111 
101 
x = -  a 
X 
y = Y  
b 
Z z = -  
d 
Cuboid Acoustic Element 
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From Par t  I the plate element displacement is 
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adopted simply t o   d i f f e r e n t i a t e  between t h e  p l a t e  and acoust ic  terms. 
Assuming that the displacement i s  prescr ibed  in  the  x ,y  
the shaded area on t h e  above figure then the Lagrangian 
i s  given by: 
L = TE* - VE* + B E i  
where 
plane as in  
f o r  t h e  element 
The i n t e g r a l  t e r m s  i n  t h e  f irst  two equations are square symmetric 
matrices and because there are the same  number of displacement unknowns 
as ve loc i ty  po ten t i a l  unknowns a t  the  in t e r f ace  the  su r face  in t eg ra l  
t e rm in  the  th i rd  eQuat ion  i s  also square but not symmetric. The Lagrangian 
can then be re-writ ten in an obvious notation as: 
The equations of motion are now formed by making the  ac t ion  in tegra l  
s t a t iona ry  fo r  a l l  a rb i t r a ry  va r i a t ions  of  the veloci ty  potent ia l  which 
satisfy the kinematic boundary conditions and wnich a l s o  s a t i s f y  t h e  
condition 
After integrating the second and t h i r d  terms by p a r t s  
Since { 6 + }  i s  a r b i t r a r y  t h e n  f o r  t h i s  e q u a t i o n  always t o  be t r u e ,  
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which is  the approximate equation of motion for the acoustic element. It 
can be written i n  terms of the  pressure  vec tor  by  d i f fe ren t ia t ing  wi th  
r e spec t  t o  t ime  and us ing  the  re la t ionship  P = -p 2 giving 
where q i s  the   source   s t rength   in   ra te   o f  volume input   un i t s  s o  t h a t  
the righ!?  hand s ide  involves  an "acceleration"  term. The equations  are 
similar apar t  from the minus s i g n  i n  f r o n t  of the second term on the  
r i g h t  hand s i d e  of the  equation  (32).  This i s  due t o  t h e  manner i n  
which the matrix S w a s  formed and may be explained by expanding the 
f i r s t  term of equation (29) by p a r t s ;  which f o r  a cube of air with no 
work done on the boundaries gives 
The S matrix,formed from the l e f t  hand s i d e  of t h i s  equation, w a s  
symmetric  because  of  the  quadratic  form  of  the  variables. Had it been 
formed from t h e   r i g h t  hand s ide  the  r e su l t i ng  ma t r ix  would have been un- 
symmetric but  the s ign would have been negative t o  conform with equation 
(31) 
Equation (30) r e f e r s  t o  t h e  4ynamics of a single  element. The 
system equations for an assembly of these elements may be constructed in 
a similar manner t o  t h a t  d e s c r i b e d  f o r  t h e  p l a t e  i n  t h e  f irst  sect ion.  
For a system where t h e  i n t e r f a c e  i s  i n  t h e  xy plane,  the final equation 
i s  of the form: 
[P]{;I + [sJ{~I = [e] cGb} ( 33) 
t h e  su f f ix  ' b '   r e f e r r ing   t o   t he  boundary  displacements, where [PI and 
[S] are the relevant matrices for the overall  system including the 
coef f ic ien ts   l /pc2  and l / p  respect ively.  
It i s  o f  i n t e r e s t  t o - n o t e  t h a t  t h e  r o l e s  of the space and time 
derivat ives  are reversed when a ' force  l ike '  formula t ion  is  used. Here 
the  k ine t ic  energy  is  i n  terms of spa t i a l  de r iva t ives  and t h e  s t r a i n  
energy i n  terms of the t ime der ivat ives .  
Plate  equations.-  The e s s e n t i a l  d e t a i l s  of t h i s  have  been  carried 
o u t  i n  t h e  f i r s t  s e c t i o n .  Al t h a t  i s  required now i s  t o  derive an 
e x t r a  term t o  account for  the acoust ic  back pressure.  This  is deduced 
from the var ia t ion of  the quant i ty  BEA. 
BEA = 11 w.p.dxdy. 
For a plate element on the face of an acoustic element,  the face and 
plate having equal overall  dimensions 
= {we}[e lT~pe~.  
aBEA 
awei 
The addi t ional   general ised  force  vector  i s  given by {-} so t h a t  
the  f ina l  equat ion  for  the  p la te  e lement  i s  
The overa l l  p la te  equat ion  i s  i d e n t i c a l  w i t h  t h e  s u f f i x  e l e f t  o u t .  
The coupled  equations of motion.- In what follows  the  principal 
equations of motion fo r  t he  two subsystems a r e  combined i n t o  a s ingle  
matrix equation and then arranged into the standard form suitable for 
t he  s t ep  by s tep  so lu t ion .  Assuming that  the system i s  excited  through 
the appl ied load a t  the surface of the plate  only,  i .e .  there  a re  no 
acoustic source terms, then the two equations ( 3 3 )  and (34) may be  put 
i n t o  t h e  form: 
These can be re-written as a single matrix equation, 
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The solut ion of  equat ion (35) w i l l  give the coupled motion of t h e  
complete system without making any simplifying assmptions about weak 
coupling. It should be noted that as a result  of t h e  mixed formulation 
t h e  "mass" and "stiffness" matrices a r e  unsymmetric and subsequently an 
eigenvalue problem based on t h e  homogeneous equation could be awkward. 
However, t h e  main objec t  i s  t o  o b t a i n  a so lu t ion  to  the  fo rced  motion i n  
t h e  time domain which may be achieved after arranging the equations into 
the  s tandard  form. 
{ V I  = G(w, 0 ,  t ) . 
% 
This first requires  the inversion of  the "mass" matrix which is 
achieved by par t i t ioning the unknown inverse matr ix  first i n t o  a com- 
p a t i b l e  form. The inverse "mass" matrix i s  
providing [MI and [P] are  non-singular. 
The standard form f o r  t h e  s t e p  by s tep  so lu t ion  is then: 
( 3 6 )  
The conciseness of the matr ix  form conceals an important factor: 
even f o r  a small number of acoustic elements the number of simultaneous 
equations to be solved can be quite large and hence involve large amounts 
of  computing  time i n  t h e i r  s o l u t i o n .  Any means of reducing the compu- 
tation should be used and it was so le ly  for t h i s  r eason  tha t  damping 
e f f e c t s  were neglected.  
EIGENVALUE SOLUTION FOR THE ACOUSTIC  ELEMENTS 
The eigenvalue problem i s  impor tan t ,  par t icu lar ly  when t h e  r e s u l t s  
may be compared with an exac t  so lu t ion  as  they  then  i l lus t ra te  the  degree  
of accuracy available with the approximate solution. As  far as the author  
i s  a w a r e  no eigenvalue problem involving the acoustic finite elements 
descr ibed  in   eauat ion (30) has  been  solved. The d e t a i l s  of t h i s  element 
were  given  by Mason (15)  bu t  no  computations  were made.  However, Mason 
did give the frequencies for a cuboid acoustic element constructed from 
different polynomial functions but with the same unknowns at each corner. 
33 
Assuming t h e  homogeneous form of equation (33) and a time dependence 
- o f  t h e  form s in  u t  t he  r equ i r ed  equa t ion  i s  
[s - u2P] I'pl 0 .  
Two different configurations were considered when obtaining a 
so lu t ion ;  the  f irst  was made up of a column of equal elements as i n  
Fig. 18(a),  a d i f f e r e n t  number of elements being used for various 
idealisations;  the second system was  made up from eight equal elements 
as shown i n  Fig.  18(b) .  
In both of these models the external  boundaries  were assumed t o  be 
hard so  t h a t ,  ap/an = 0, a t   he   su r f aces .  Under these  conditions 
there  can be a s t a t i c  uniform pressure increase which i s  analogous t o  a 
r i g i d  body mode i n  a mechanical system. In either case there i s  a zero 
natural  frequency, which in  the  acous t ic  sys tem impl ies  tha t  the  mat r ix  
S i s  s ingular ,  and the  s ingu la r i ty  has  to  be removed before attempting 
to  evaluate  the other  e igenvalues .  This  i s  done by 'constraining '  the 
r i g i d  body mode out of the equations of motion: a spec ia l  subrout ine  
for achieving this end has been wr i t t en  by Mason (15 ). The f ina l  o rde r  
of  the matrices involved i s  then reduced by one. 
The Computed Eigenvalues and Eigenvectors 
The computations were car r ied  out  on a system with dimensions 
lo" X 15" x 20"; for convenience the velocity of sound was put equal 
t o  u n i t y .  The r e s u l t s  were  then compared with the exact  solut ions:  
2 2 t2  m 2 2 
a b  d2 
eigenvalues = m  (T+T+-) n 
X R m n  
eigenvectors = cos - RTrx cos - my cos - nm z +am a b a 
a, b and d are the cavity dimensions.  
The r e s u l t s  f o r  t he  first seven modes using only a single element 
are shown i n  t h e  t a b l e  below. Even for this  case the values  are  a l l  
within 0.13% of the exact  solut ion,  where the  modes were adequately 
represented. 
F i r s t  seven eigenvalues obtained using one element 
Mo de 
Computed 
2.4674 4.3865 6.8539 9.8696 12.337 14.256 16.723 Exact x 
0,0,1 0,1,0 O Y l Y 1  1,030 l,O,l l,l,O 1,1,1 
2.4706 4.3922  6.8628 9.88211 12.353  14.275 16.745 
% e r r o r  .125 .130  .113 .130 .121 .126 .130 
x 
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With a single element the (0 ,0,2)  mode has  the same eigenvalue as 
the  (1,0,0) mode but, because there axe insufficient degrees of freedom 
avai lable  the eigenvalue for  the (0 ,0,2)  mode is not  computed. 
Fig.19 shows the accuracy and  convergence of the eigenvalues  for  
t h e  ( 0 ,  0, l), (0 ,  0, 2 )  and (0, 0, 3) modes as the  number of elements 
i s  increased. The curves show tha t  t he re  i s  monotonic  convergence tzI 
the  exac t  so lu t ion  in  each  cas'e. When s i x  elements  are  used  the 
accuracy of the computed value comes i n t o  t h e  limits s p e c i f i e d  i n  t h e  
eigenvalue routine (+0.001%) so the  poin ts  below th is  va lue  should  be 
t reated  with  caut ion.  
The accuracy of the eigenvalues  implies  that  there  i s  a good approxi- 
mation t o  t h e  t r u e  mode shapes by the assumed polynomial functions. When 
the  modes were computed only the values a t  the  node points  were pr in ted  
out ,  and ,  in  the  s ing le  e lement  case ,  the  va lues  for  the  f i r s t  seven  modes 
are shown below. The numbers r e fe r  t o  the  p re s su re  wi th  the  loca t ions  
shown i n  t h e  diagram. A l l  the  space  derivatives  are  zero.  
6 
+1 +1 +1 +1 -1 -1 -1 -1 
-1 +1 -1 +1 +1 -1 +1 -1 
-1 +1 -1 +1 -1 +1 -1 +1 
-1 -1 +1 +1 -1 -1 +1 +1 
-1 -1 +1 +1 +1 +1 -1 -1 
-1 +1 +1 -1 -1 +1 +1 -1 
+1 -1 -1 +1 -1 +l +1 -1 
There i s  in su f f i c i en t  i n fo rma t ion  he re  to  check the  de t a i l ed  mode shape; 
t h i s  would have t o  be evaluated using the polynomial expression in 
equation (30). S ince   the   ac tua l  modes involve  separable  functions i n  
x, y and z ,  t h e  e s s e n t i a l  q u a l i t i e s  of the approximation may be bbtained 
by considering only one d i rec t ion .  For a plane wave mode which may be 
the (O,O,l), (0,1,0) or (1,0,0) mode the  func t ion  is simply: 
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The results for  f ive  in te rmedia te  
solut2on below and it may be seen 
+ 4E . 3 
posi t ions are compared with the exact  
t h a t  t h e  r e s u l t s  are quite accurate.  
Exact 
1.00 .852 .481 0.000 -..481 -.852 -1.000 1 element 
1.000 .866 -500 0.000 -.500 -.866 -1.000 
Much greater accuracy i s  obtained with a l a r g e r  number of elements and 
the normalised modes f o r  t h e  f irst  3 eigenvalues were a l l  c o r r e c t  t o  
three decimal places when s i x  f i n i t e  elements were used. 
The study on t h e  column system was made t o  examine the convergence 
q u a l i t i e s  when the  number  of acoustic elements in one d i rec t ion  was in- 
c reased .   Res t r ic t ing   the   increased   f lex ib i l i ty  im t h i s  manner brings 
out the salient features without over increasing the size of the matrices 
and subsequently  the  computation time. However, the  e lements  a re  to  be 
app l i ed  to  a more genera l  s i tua t ion  when dealing with the forced vib- 
r a t i o n  and it i s  important  to  know the order of accuracy when there  i s  
e q u a l  f l e x i b i l i t y  i n  a l l  direct ions.  I n  view o f  t h e  s t a b i l i t y  c r i t e r i a  
fo r  t he  s t ep  by step procedure, Craggs ( g ) ,  i t  w a s  par t icular ly  important  
t o  know the behaviour of the highest eigenvalue. It was with these 
p o i n t s  i n  mind that  the configurat ion of Fig.  18(b) was considered. 
The r e s u l t s  a r e  shown i n  Table l w h e r e  t h e  modes have been c l a s s i f i e d  
in to  e igh t  d i f f e ren t  groups corresponding t o  whether they were symmetric 
or anti-symmetric i n  t h e  x ,  y and z di rec t ions .  Again the  lowest  eigen- 
values are extremely accurate and even the  h ighes t  - the 56th - i s  e s t i -  
mated t o  w i t h i n  6%, so t h a t  the highest frequency was correct  to  within 
3%. However, t h e r e  i s  an e r r o r  of 15% in  the  eigenvalue  of  the 21st 
mode and with four other  modes t h e  e r r o r  i s  greater  than 10%. These 
e r r o r s  always occur i n  t h e  modes fop which R, m o r  n is  3 and the 
p a r t i c u l a r  modes consequently need a l a r g e r  number of elements t o  g i v e  
a be t te r  representa t ion .  
Discussion.- In the  above the  acoustic  elements  have  been  tested 
in  the frequency domain and the  r e su l t s  b r ing  ou t  two important factors:  
t h e  accuracy of the eigenvalues implies that the strain and k i n e t i c  . 
energies are adequately represented at l ea s t  fo r  t he  s imple  models con- 
sidered; but more important, i s  t h e  r e s u l t  t h a t  t h e  s o l u t i o n s  have 
monotonic  onvergence to   the   exac t   so lu t ion .  The element t e s t e d  by 
Mason gave comparable accuracy with a small number of elements, but when 
t h e  number was increased the values diverged from the exact solution. 
The application of the acoustic element discussed here together with 
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the plate element developed by Mason which is  described i n  Par t  1, should 
g ive  re l iab le  so lu t ions  for  the  f requency  domain solution of the coupled 
system. The accuracy is  needed more with the acoustics though, even at 
t h e  low frequency end of the spectrum, because the modal densi ty  i s  high 
and, unl ike the plate  system, a la rge  number of modes can par t ic ipa te  i n  
t h e  motion f o r  a t ransient  dis turbance.  
The remaining part  o f  t h i s  s e c t i o n  i s  concerned with the numerical 
solution of the coupled equations of motion i n  t h e  t i m e  domain. 
THE TWSIENT FORCED VIBRATION OF THE COUPLED SYSTEM 
A detailed description complete with subroutine l ist ings i s  given in 
Craggs (16) .  The programme was wr i t ten  so  t h a t  it could deal  specif ical ly  
with the type of  model described i n  the next section, and no attempt w a s  
made to  dea l  wi th  the  genera l  case .  
The general layout of the programme is as follows: 
Form unconstrained plate mass and s t i f fness  mat r ices .  
Apply appropriate  constraints .  
Form unconstrained P and S matrices. 
Apply constraints .  
Form e matrix. 
Remove rows corresponding t o  mechanical constraints. 
Remove columns corresponding to  acous t ic  cons t ra in ts .  
T 
Stage 4 Assemble overall  system  equations. 
S,tage 5 Solve  equat ions  for   dif ferent   force  vector  a t  each  step. 
In common with the plate  equat ions descr ibed in  P a r t  1, it w a s  found 
necessary to  introduce an appropr ia te  sca l ing  fac tor  in  order  to  avoid  
numerical overflow. The equations which  were s e t  up fo r  so lu t ion  were i n  
t h e  form: 
[-;a+;] E-] + E!+:] E] - E] 
where E i s  the   sca l ing   fac tor   (aga in  a su i tab le   va lue  w a s  The 
t rue solut ions of  this  equat ion were derived from 
Cw'actua1 - E'wlcomputed; "'actual = (PI  computed 
a c t u a l  t i m e  = computed t i m e  x &. 
- 
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RESULTS 
The aims of t h e  computations  were: f i rs t  t o  examine the approximate 
s o l u t i o n  i n  t h e  time domain and compare t h i s  w i t h  an exact  solut ion where 
t h i s  w a s  possible;  secondly, t o  n o t e  t h e  change, i f  any, i n  t h e  res- 
ponse parameters when further degrees of freedom were introduced by con- 
s ider ing  more acoustic  elements. Most of t h e  computed r e s u l t s  r e f e r  t o  
a simple window-room s t ruc ture  of  window dimensions 120" x 60" x O.25", 
and cavity  of  dimensions 120" x 120" x 198". In  order  to  cons ider  fur ther  
e f f e c t s  of an acoust ic  s tanding wave the depth was var ied from 58" t o  6 0 0 ~ ~ .  
Four computer  models  were  used:  t.he f i r s t  t h r e e  were the same p l a t e  
system with a d i f f e r e n t  number  of three dimensional acoustic elements; 
t he  fou r th  model w a s  constructed by consider ing three plate  normal modes 
and  four one dimensional  acoustic  elements. These  lements  allowed  only 
a plane wave acuust ic  dis turbance in  a d i rec t ion  perpendicular  to  the  
face of the  p la te ;  they  made a grea t  sav ing  in  computing time a t  the  
expense of f l e x i b i l i t y .  
I n  all cases  the exci ta t ion was assumed to  t ake  p l ace  at normal 
incidence and have the  form of an ideal  In1 wave and since the three- 
dimensional models were symmetric it was expedient t o  use this  property 
t o  reduce the size of the working matrices by a procedure which i s  
descr ibed  in  Appendix 1. The d e t a i l s  of the  reduced  f inite  element 
models a r e  shown in  F ig .  20 ;  a l so  shown  on the  f igure  are t h e  number 
of  degrees of  reedom avai lable .  It w i l l  be not iced  tha t  on ly  a s i n g l e  
p l a t e  element i s  used which i n  th i s  ca se  i s  equivalent to four elements.  
Reducing the system i n   t h i s  way eliminates the redundant degrees of 
freedom, t h a t  i s  those modes which are not excited under normal incidence 
conditions. The  number of  acoustic  elements i s  a lso  equivalent   to   four  
t imes the number used as the system i s  symmetric about the neutral axis. 
The d e t a i l s  of the constraints on both the plate  and acoustic systems t o  
achieve these reduced forms are  given in  Appendix 1. 
Basic  check  results.-  In  the  exact  solution  the  equilibrium at  the 
acoustic  mechanical  interface demands t h a t  pV = - ap/az  be s a t i s f i e d  
over   the  ent i re   surface  of   the  plate .  Because both  systems  are  effec- 
t i ve ly  cons t r a ined  to  move i n  a f i n i t e  number of modes, th i s  condi t ion  
cannot  be  achieved. However, the  var ia t ional   pr inciple   should  produce 
a r e s u l t   f o r  minimum e r ro r .   F ig .21  shows the  values  of p P  % ap/az 
a t  the centre  of  the plate .  It may be seen that the two curves  each 
have a different  high frequency osci l la t ion corresponding to  motion i n  
the higher  modes of each subsystem. The  low frequency curve - or the  
mean curve drawn through the high frequency oscillation term - almost 
complies with the requirement for equilibrium. 
Fig.22 shows t h e  i n i t i a l  motion of the acoustic system and gives a 
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comparison between the  pressures  a t  the  p l a t e  su r face ,  t he  cen t r e  of the 
room, and the centre of the rear wall. Two points may be noticed: 
f irst ,  t h e r e  i s  a high fl-equency component at the surface of  the plate  
which diminishes along the length of the room, which suggests a cut-off 
type mode; second,  the delay effect  at each s ta t ion i s  a good approxi- 
mation to  the  exac t  de lay  time, z/c. 
Results *om the various models.- Some comparisons between t h e  
d i f f e r e n t  models are given i n  Table 2. This   table  shows t h e  m a x i m u m  
~ _" . - . . . 
values  of  the window displacements and the room pres su res  ju s t  i n s ide  
t h e  window and at the back face. There i s ,  in  gene ra l ,  a close agree- 
ment between the indicated trends of a l l  the models. 
The s a l i e n t  f e a t u r e s  of  the  d i f fe ren t  models' pressure responses are 
shown in  F ig .  23  where the  pressure  t ime h is tor ies  from t h e  models MAI, 
MA11 (see Fig. 20) and the plane wave model , each having a depth of 174", 
a r e  compared f o r  an 'N' wave duration  of 200 milliseconds. Because no 
allowance for the cross modes was made wi th  the plane wave model the 
t ime h is tor ies  are much smoother. 
Further response curves are shown in  F ig .  24, these being computed 
wi th  the model MA1 f o r  a cavity depth of 198". 
With a l l  of the acoustic pressure responses the main form of the time 
h i s t o r i e s  - pr inc ipa l ly  tha t  o f  the  window displacement - a r e  d i s t o r t e d  by 
the contr ibut ions from a plane wave depth mode which propagates i n  t h e  z- 
di rec t ion .  This point  i s  w e l l  i l l u s t r a t e d  i n  F i g .  24 which shows t h e  
p re s su re  h i s to r i e s  computed a t  d i f fe ren t  loca t ions  in  the  room fo r  s eve ra l  
'n wave durations;   the  shape of %he acoust ic  mode concerned has t h e  form 
cos e (  depth - z )  
¶ o < e <  - 7r depth 2 .  
The e f f e c t s  of the cross modes a re  s ign i f icant  par t icu lar ly  near  the  sur face  
of the window, t h e  predominant frequency being of the order of 130 C.P.S. 
However, i n  t h e  e a r l i e r  phase of each response, higher frequency components 
are  present .  Away from the  window the  e f f ec t s  of these modes a re  a t tenuated  
and they make l i t t l e  con t r ibu t ion  to  the  ove ra l l  p re s su re  on the back face. 
The shock spec t ra  of the window's displacement and velocity and t h e  
acoustic pressures,  due t o  an idea l  ' n '  wave exc i ta t ion  are shown i n  
Fig. 25. Again t h e s e  r e f e r  t o  t h e  model with a depth of 198" and were 
evaluated with the moddMAII. A s  w i t h  the  t ime h is tor ies  the  pressure  
shock spec t ra  a re  of  the  same form as the displacement spectra and the  
m a x i m u m  m a x i m a  occur a t  the  same dura t ion ,  th i s  dura t ion  be ing  equal  to  
39 
the fundamental period of t h e  window. An exception occurs with the spectra 
for  the  pressure  at the  window. Because  of the influence of the acoustic 
depth mode, the  pressure  i s  much less than anywhere else in  the  cav i ty .  
;, The m a x i m u m  pressures occur on the  rear face. 
.It i s  of  in te res t  to  observe  tha t  the  pressures  are of  the  order  tha t  
i s  indicated by t h e  volume displacement method d iscussed  in  Par t  1, being 
given by: 
p k G G i - T  = ( e 7  * D  
i n t e r n a l )  
where D i s  a dynadc  mul t ip l i e r  which var ies  from 0 t o  2 .1  depending upon 
t h e   r a t i o  - n wave duration/fundamental period of window. 
The e f f e c t  of  cavity  depth.- The r e s u l t s  of t h i s  s ec t ion  se rve  two 
main purposes: f i rs t ,  t o  determine the effect  on the system as t h e  room 
changes from being a s t i f fnes s  r eac t ance  to  the  p l a t e  - as f o r  a shallow 
cavity - t o  an ine r t i a  r eac t ance  as f o r  a long  cavity. It a l s o  a c t s  as 
another cross check on t h e  performance of t h e  model because the resul ts  
may be compared with those indicated by the simple theory of the previous 
chapter. 
The important points are brought out by varying the depth of the  
cavi ty  and dealing only with the f irst  h a l f  o s c i l l a t i o n  of the response 
parameters. The r e s u l t s  ,shown in Fig.  26,give the changes in  the  d is -  
placement  and pressure  responses. When the  depth  of  the room i s  
reduced (lOO", 50") the plate displacement decreases while there i s  an 
increase   in   the   in te rna l   p ressure .  The frequency  of   osci l la t ion which 
is governed by t h e  p l a t e  motion also increases .  When the  depth is 
increased  to  400" the  cavi ty  becomes s t r i c t l y  mass r e a c t i v e  r e l a t i v e  t o  
the  plate;   consequently  the  plate  frequency  decreases and the   i n t e rna l  
acoust ic  pressure no longer follows the form of the plate displacement.  
The reasons for this behaviour may be given by making a simple 
i d e a l i s a t i o n  of the system: representing the window by a spring-mass 
osc i l l a to r  w i th  a f la t  surface and allow only acoustic plane waves i n  t h e  
direct ion normal  to  the surface of  the plate .  In  which case  the  frequency 
equation for the system i s :  
wR P OCA tan(-) = 
C ( w  m - k )  2 
where R i s  the  depth  of  the  cavity;  A i s  the   p l a t e   a r ea ;  m i s  the 
p l a t e  mass; k t h e   p l a t e   s t i f f n e s s ;  p the  density  of  the  enclosed  gas; 
c i s  the  speed of sound. The roots  for  the  various  depths may be  found 
graphical ly  as shown in  F ig .  27 which a l so  shows the nature  of  the 
acoust ic  modes. 
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For the  shor t  depth  the  first acoust ic  mode indicates  a near uniform 
pressure throughout. the length of the room. I n  t h i s  s i t u a t i o n  t h e  volume 
displacement st iffness applies and the  increased  acous t ic  s t i f fness ,  
which reduces the plate response,  i s  brought about by an increase  in  the  
acoustic pressure.  
The acoust ic  s i tuat ion completely changes with the larger depth: 
Fig. 26 shows t h a t  t h e r e  a r e  two  modes close together both having a 
negative pressure component a t  the face of t h e  p l a t e  f o r  an inwasd 
plate displacement.  This fact  and the decrease in  the plate  f requency 
a r e  c h a r a c t e r i s t i c  of an iner t ia   reac tance .  Because the  frequency  of 
the second mode i s  s o  c lose  to  tha t  o f  t he  f irst  mode it w i l l  be  s ign i f i -  
cant  in  the response,  par t icular ly  i n  t h e  i n i t i a l  s t a g e s ,  and t h i s  i s  
shown t o  be the case i n  Fig.  26(b).  
D I S C U S S I O N  AND  CONCLUSIONS 
In t h i s  part the acousto-mechanical problem has been t r e a t e d  
approximately in terms of mixed force and displacement variables; t h i s  
did not bring about any d i f f icu l t ies  wi th  the  so lu t ion  of the  resu l t ing  
equat ions  to  a t r ans i en t  exc i t a t ion ,  even though the  overa l l  mat r ices  
involved  were  unsymmetric. The mo.tion i s  governed by an equation (35 ) .  
This  resul t  i s  of a general  application and may be applied to any acousto- 
mechanical system whether the subsystems are idealised w?”h f i n i t e  
elements or an assumed modes approach. Here p l a t e  and a c o u s t i c  f i n i t e  
elements have heen used when idealising the subsystems. 
The acoustic  elements  give  extremely  accurate  results;   their   chief 
disadvantage i s  t h a t  they involve a la rge  number of degrees of freedom. 
However, t h i s  may be a necessary resul t  for three dimensional problems 
because of the  usual   large modal dens i t ies .  I t  i s  important  to  reduce 
the  number of degrees of freedom where t h i s  i s  possible by removing t h e  
redundant  variables. For the  type  of  problem  considered  here  this  has 
been achieved by invoking symmetric properties of the system and loading; 
subsequently, the matrices involved have been reduced to one quarter  
t h e i r  o r i g i n a l  s i z e .  The simple  one-dimensional model gave  adequate 
r e s u l t s ;  though,  of  course, i t s  appl icat ion i s  r e s t r i c t e d  t o  t h e  c a s e  
where the  p l a t e  wave motion i s  dominant. 
N o  exact  solut ions for  the t ime his tor ies  of the  forced  t rans ien t  
motion  of a coupled acousto-mechanical system are available. However, 
t h e  r e s u l t s  do comply with the volume displacing theory resul ts  where 
these were applicable;  they also comply wi th  the  ana ly t i ca l  r e su l t s  
deduced from a plane wave model coupled t o  a s imple  osc i l la tor ,  s o  t h a t  
t h e  computer program appears t o  be working s a t i s f a c t o r i l y .  
- 
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An in t e re s t ing  po in t  which i s  brought out in the three-dimensional 
model i s  that the pressure has high frequency components near  the window 
face.  This resu l t  i s  important when dealing  with a subject ive evaluat ion 
of t h e  room response. When the  room i s  not  shal low the acoust ic  effects  
on t h e  window are negl ig ib le ;  nowhere i n  t h e  r e s u l t s  do the  acous t ic  
o s c i l l a t i o n s  l e a d  t o  a bui ld  up i n  t h e  p l a t e  motion, they always act to 
suppress it. 
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APPENDIX 1 
Reduction of the  Problem Size by Applying Properties of Symmetry 
Throughout t h e  la t te r  half  of this report  use has been made of t h e  
symmetrical properties of a pa r t i cu la r  sys t em to  r educe  the  s i ze  o f  t he  
problem. In  the  two dimensional  cases  s tudied the s ize  of  the matr ices  
involved have been reduced by a fac tor  of  four ;  in  one three dimensional 
case there  w a s  a reduction by a f a c t o r  of e ight .  When dealing with 
forced motion it i s  a l s o  r e q u i r e d  t o  have a symmetric p re s su re  d i s t r i -  
bution as wel l  as symmetric mass and s t i f fnes s  p rope r t i e s .  Here a 
discussion on the  appl icat ion  of  symmetry i s  given.  This i s  followed 
by t h e  d e t a i l s  of the  re levant  symmetry cons t ra in ts  which were applied 
to the various systems mentioned in the main t e x t .  
For simplicity consider a two-dimensional system i n  t h e  x,y plane. 
The equation of motion i s  
a + Kw = F. ( A l )  
If the system i s  symmetric in  both  the  x and y directions then it 
may be divided 'into four parts each part having a corresponding displace- 
ment and loading  vector. Now, i f  the  equations  of  motion  of  each  section 
are rearranged s o  that the displacements in each section are in order: 
and the forces 
then the equation for the whole system ( A l )  may be reproduced i n  a 
par t i t ioned  form: 
The su f f i ces  r e fe r  t o  the  sec t ions .  
Multiplying  this  equation  out  gives  four  matrix  equations.  However, 
it i s  only necessary to consider one of them, thus: 
M U + M  V + M  V +Ml4Z4+K w 11%1 12%2 13%3 11%1 " K12%' + K13x3 + K14%.+ - x1 - 
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applying ( ~ 2  ) gives 
This i s  the reduced equation f o r  the system. It shows t h a t  t h e  
coupling matrices between each of the sections must be added together.  
However, with the usual in-vacuo f i n i t e  element formulation the coupling 
between each of t he  sec t ions  i s  zero and the equat ion reduces to  
Plate  equat ions:  the equat ions for  a p l a t e  may be deduced d i r e c t l y  by 
imposing constraints for symmetry along the dividing edges as wel l  as 
the  f ixed  cons t ra in ts .  
For symmetry i n  t h e  x d i rec t ion ,  aw/ay = 0. 
For symmetry i n  t h e  y d i rec t ion ,  aw/ax = 0. 
For the corner which represents  the  p la te  cent re ,  a w/ayax = 0 .  2 
When the  volume displacement  s t i f f iess  matr ix  i s  added t o  t h e  
mechanical  s t i f fness  matr ix  there  i s  a cross coupling between the 
other  segments. The s t i f f n e s s  terms  for  the  reduced  system i s  then: 
The suf f ices  M and C refer t o  mechanical and cavity terms respectively. 
But 
Kll c -   K12 C = Kc - C 
13 - K1"+* 
The s t i f fness  terms are  then 
This means tha t  t he  acous t i c  s t i f fnes s  t e rm must be increased four times, 
which r ea l ly  imp l i e s  t ha t  t he  volume of the backing cavity i s  reduced by 
four. 
P la te  and Acoustic Finite Elements f o r  MAI,  MAII,  MAIII. 
The p la t e   cons t r a in t s   a r e  as above. The cons t ra in ts  on the  acoust ic  
elements a t  faces of symmetry in  the  x ,  z ,  and y,  z planes only were: 
x,  z plane,  ap/ay = 0 
Y, z Plane,  ap/az = 0. 
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Acoustic Eigenvalue Problem. 
In this case the system involving eight acoustic elements was  reduced 
.to one having only one element. The reduced size of the problem  involved 
studying the single element configuration more times wi th  d i f fe ren t  con- 
s t r a i n t s  a t  the planes of symmetry. T h i s ' e f f e c t i v e l y  m e a n t  t r e a t i n g  t h e  
symmetric and.antisymmetric modes i n  t h e  x, y and z direct ions separately.  
' at each  node the  
unknowns a r e  
On t h e  o ther  faces ,  5,  13, 29,  21; 9 ,  13, 29 ,  25; and 1, 9 ,  25, 17 
the  cons t ra in ts  depend upon whether the mode shape i n  t h e  x, y o r  z 
di rec t ion  i s  symmetric o r  antisymmetric. 
For symmetry ap/a; = 0. 
d 
Thus, there are eight combinations of modes and the appropriate  
cons t ra in ts  for  each  se t  a re  shown i n  t h e  t a b l e  which follows. The 
numbers r e f e r  t o  t h o s e  shown i n  t h e  diagram above. 
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Coordinate NO, I 2  3 4  
Fixed Constrdints c c c  
X Symmetric s 
X Asymmetric a 
~ 
y Symmetric s 
y Asymmetric a - 
2 Symmetr ic s 
Z Asymmetric a 
5 6 7 d 9 l O  II 12 
c c  
/C 
C 
c c C I  
I 
3 14 15 16 17 18 I9 2021  22 23 242526 2728 293031 32 
c c c  C C .  
C C C 
c C C I  
C 
I C  c C J C  c c 
1 c '  
l c c c   l c c c  L C  c L C  
D a t a   f o r  Symmetric  and  Asymmetric modes using only  one  element 
N o t e :  There are 0 c a x s  expressed in  the  order (x,y,z). SSS,  SSA,  SAS, ASS,   SAA,ASA,   AAS,AAA.  
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TABLE 1 
Percentage Error in Eigenvalues for Cuboid Acoustic System represented by Eight Elements 
S.S.A 
0.0284 
0.1199 -,2 
6.1062 
25 3.4664 
13 
0.1240 26 
0.1244 38 
0.0223, 39 
S.A.S. i S.A.A. 1 A.S.' I 
0.0811 
0.0912 
0.1019 
6.1063 
5 5015 
- 
4 
10 
16 
22 
47 
52 
" 
A.S.4 
0 999 
0.489 
13.340 
8.671 
6.787 
5 714 
A.A.S. 
1.0522 
b 
6 7 
191 
O* 6715 14 
2op. 7036 20 
33 8.8887 37 
49 7 -  3168 50 
561 54 6*6259 
T A, A. A 
1.9076 
15.2504 
11.7148 
7 9327 
'f - 
9 
21 
34 
5 1  
Note: S - symmetric; A - antisymmetric,  define modes i n  x, y ,  z d i rec t ions ,  The numbers i n  t h e  
r i g h t  hand  columns give the locat ion of t he  mode in  the  f requency  sca le .  
TABLE 2 
Max. Values for Different Models 
T 
MA1 
MA1  I1 
50 ms. MA1 I 
MA1 
MAIII 
100 ms. MA11 
I I 
MA1 
MAIII 
200 ms. MA1 I 
I 
A 
d 
- -0946 
- -0929 
Plane Wave Model 
* 
T 911 3 1 1  3 0 )  
50 m s .  .206 .174 0.089 
100 ms. 
.312 .222 .151 200 ms. 
.368 .285 .176 
50 
1 O" 
0 . 0 5  
- 
0 - Natural frequency (rads.per sac.) 
Plane wave solution 
Volume disp. . . . . . . . . . . . . . . . . , 
- .  -. Modes  uncoupled 
"" Acoustic modes 
F i g  2 Comparison of Roots for Simple Plate  Cavity  System. 
The first 3 in vacuo natural  frequencies of plate are: 
u,; 23.84, w-38.50, W -  56.84 (rads. per Stc 
I 
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e 0 0 C 
e *Volume disp. modes 
0 Nsn-volume  disp. modes 1 
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Fig. 3 Variation of natural frQquQnciQs - 7 4 Qlamont idealisation Simply SupportQd 
plata , /3 = 2.0 
1 c 
1st mode 
Fig. 4 Variation of natural froquancias - 7 
Simply Supportad plata, p = 3-0, 16 alemant 
idaal isat  ion 
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Fig. 5 Variation of natural frQquenciGs - 7 
ClampQd case, (3 = 3.0,  16 c21ament idealisation 
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Fig. 6 Variation in mode shapes with 3 . Simply - 
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55 
9 
0-726 
/ 1-21 
2.41 
3- 63 
4.84 
X 
1 st mode  Mode (1,l) 
2nd   mode  
4 e 8 4  
3- 63 
2.41 
1.21 
0 - 726 
Fig.7 Variation in mode shaw wlth 7 . Clamped  plate, 
(3 3-0 
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Fq 9 Clamped plate:  Variation of natural frequencies with 7 
and aspect ratios. 
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Fig  14 Displacement   Response  t o  ideal  N wave i! =150ms. 
under  in -vacuo  and  var ious  leak o p e n i n g s  
plate dimens ions  144~ 8 4 X  0-25 
C a v i t y   V o l u m e  3 . 0 ~  IO' ins. 
s 
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Fig.15 DisplacQmmt - rQsponsQs ' a t  plate cQntrc2 f o r  idoal 
N w a w  ( 2  = 150 ms 1 . Shows QffQct of opQning 
araa and position. - owning  on  front facQ . 
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Fig 16 Details of Nat. Frequencies with wrioCls 
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Fig. 17 Internal  cavity  pressure  ratios  for  various  opening 
areas. N wave  at  normal  incidence on t h ~  front 
f a w  : (a) opening  on front face . 
( b )  opening  on  back facQ . 
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Fig. I8 Models for acoustic ehmt  eigenmluc  problem 
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Fig. 22 Comparison  between  exact  and  approximate 
delays for   pressure response  in room 
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Fig, 23 Comparison of MAI ,  MA111,and Plane  wave model results 
(a1 P r e s s u r e  a t  f r o n t  f a c e  (b) Pressure a t  back face 
Q = 200 msccs. 
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Fiq. 24 Pressure at Intermediate Positions using MAIlf 
(a) 2 = 100 msecs (bl  2 = 200 msecs . Max. inC.praure 1.0 p-s-f. 
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